Artificial materials with periodic structures, generally denoted as metamaterials, with simultaneously negative permeability and permittivity have received considerable attention due to novel applications in physics and electromagnetics, such as reversal of Snell's law, microwave filters, and media with prescribed electromagnetic (EM) properties. Such materials can be realized using periodic inclusion of variously shaped metals into a host medium. The most prominent candidate for such structures has been the split-ring resonator. Such materials can exhibit effective permeability and permittivity properties beyond those occurring in naturally found materials. Artificial materials (metamaterials) are central to the research on negative permeability and permittivity, or left-handed materials. The key interest in these materials is the development of novel microwave and optical devices and materials based on left handedness and/or negative refractive index [1] [2] [3] . Double split ring resonators (SRR) are key components in these materials, also referred to as SRR particle [2] , which exhibits only a resonant magnetic polarizability.
Microstrip double split ring resonators have recently attracted a great deal of interest for the design of compact microwave filters with superior characteristics [4] [5] [6] . The prediction of EM properties of such structures has been based on full-wave numerical simulations typically in 3-D, as demonstrated for example in [7] with considerable computational effort in terms of simulation time and memory storage. This has led to a number of attempts to develop analytical models using lumped circuit elements for the SRR particle [8] [9] [10] [11] [12] [13] [14] . These attempts are either limited in the resonance frequency prediction focusing only on a single resonance, or are based on solutions of differential circuit equations with parameters determined from EM simulations, which does not represent a breakthrough in the analysis of such structures. An accurate analytical model for the SRR's has the potential to drastically lower the design time and will make high performance microwave filters based on SRR's a practical option in many commercial applications. The model presented in [12] , [13] provides a wideband analysis, but, unfortunately, doesn't take into account the presence of a ground plane in planar structures.
To the knowledge of the authors an analytical model for unequal width SRR's has not been presented previously in the open literature. In this letter we present an accurate yet simple analytical model for double SRR based on an impedance matrix representation for coupled transmission lines. We focus here on double SRR with a ground plane, which leads to the utilization of microstrip components. The parameters of the coupled line sections are related to the physical characteristics of the transmission line technology, making it possible to directly convert even and odd mode impedances into transmission line widths and gaps, something that is not possible with the lumped element circuit models. The general analytical model is derived below for double SRR with unequal width rings, which represents a generalization of the standard SRR. Expressions are provided which extend the proposed model to equal width case and the model accuracy is discussed comparing different simulators with proven accuracy with the compact model.
The SRR structure, originally proposed by Pendry et al. [15] , consists of a pair of equal width concentric rings with gaps etched on opposite sides. The SRR's call for a fine mesh density to accurately map the circular geometry, the gaps, and the coupling between the rings, and results in a large number of unknowns with excessive computational time. Typical computational times for a 3-D EM simulation using CST Microwave Studio 2006b 1 are in excess of 12hr on a 2.7 GHz Pentium machine with 2.5 GB RAM memory and 6·10
6 mesh cells.
The configuration considered in this letter consists of two unequal width split rings, as shown in Fig. 1 (a). The proposed model representation for the unequal width double SRR is shown in Fig.1(b) . The model is based on two coupled line sections with a length equal to
This length corresponds to the average length of the inner semiring. The coupled line sections are a compact representation of the model in [12] , [13] . The coupled line sections are described in terms of even and odd mode impedance and propagation parameters, which are available for a large range of different realizations using standard microwave theory.
It is obvious that the geometrical lengths of the two resonators are not equal. In most practical cases this difference between electrical lengths at first resonance frequency reaches a few tens of degrees and even higher. Preliminary model investigations showed that it is not sufficient to describe double SRR by just two 1 CST Microwave Studio version 2006b is a trademark of CST GmbH. coupled line sections with a length equal to the average resonator lengths. To compensate for this difference four transmission lines with a total length equal to
have to be introduced, as shown in Fig. 1(b) . Such a phase compensation significantly improves the model accuracy resulting in good agreement between simulated and calculated results, as shown later.
An equivalent circuit for the gap g of the resonators is a symmetric 2-port π-network, as shown in Fig. 1(b) . The capacitance Cg1,2 is due to the charge buildup between the two line contacts. The capacitance Cf1,2 is due to the fringing fields at the open line ends. The calculation of values for these capacitors in case of microstrip lines is based on well established empirical expressions given in literature [16] [17] [18] and is not considered here. A transmission line with a length equal to g unites the two semirings. The semi rings are represented by coupled line sections, to form a ring.
The circuit in Fig. 1(b) is transformed to an impedance matrix network with the corresponding matrix representation of the circuit elements. This network is shown in Fig. 2 . The various impedance matrices in Fig. 2 are described below.
[ZCL] is the impedance matrix for the coupled lines 4-port representation. A total of six quantities is required to describe the asymmetric coupled lines [18] : Zc1 and Zπ1, which are, respectively, the characteristic impedances of line 1 for c and π modes of propagation; γc and γπ, the propagation constants of c and π modes; Rc and Rπ, the ratios of the voltages on the two lines for c and π modes. The elements of the impedance matrix [ZCL] are given by 
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where lcl is the length of the coupled line section, as shown in Fig. 1(b) .
The matrices for the transmission lines are given by
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. (4) Here Z0(i) is the characteristic impedance and γi is the propagation constant of line i, with i = 1, 2, respectively. The calculation of the electrical parameters for the microstrip lines and coupled lines can be performed using empirical expressions [18] or available transmission line calculators.
The impedance matrix for the microstrip gap is
Using the model representation shown in Fig. 2 and relations (3)- (5) the response of the resonator can be predicted in a wide frequency range.
Since an equal width double SRR is a special case of an unequal width double SRR the given expressions can also be used for the equal width case, by setting w1 = w2 = w. This leads to implementation of impedance matrix for symmetric coupled lines in the model shown in Fig. 2 .
For the symmetric coupled lines in a nonhomogeneous medium the electrical parameters become: Rc = 1, Rπ = -1, and Zc1 = Z0e ,the even-mode impedance; Zπ1 = Z0o ,the odd-mode impedance, with γc,π = γe,o , the even-and odd-mode propagation constants. These parameters are substituted in (3) to obtain an analytical model for the equal width double SRR.
The accuracy of the proposed model has been validated using a planar SRR in a microstrip configuration, because accurate models exist for all elements of the proposed model. SRR excitation at the gap and with a line have been studied. The first 4 resonances have been calculated using the proposed model and full-wave EM solvers based on method of moments (Agilent MOMENTUM) and a FITD (CST Microwave Studio). The considered configuration is based on a substrate with a dielectric constant εr = 3.38 and thickness h = 0.8 mm. The frequency range for the MoM simulation is restricted to the first four resonances to reduce the computational load.
The typical wideband response of SRR's is presented in Fig. 3 . A comparison between the presented model and full-wave electromagnetic simulations shows excellent agreement. As can be seen in Fig. 3 , the resonant frequencies are accurately predicted in a wide frequency range by the model and the EM simulators. The SRR parameters and the difference between the calculated and simulated first, second, third and fourth resonant frequencies δf1,2,3,4 are given in Table 1 for equal width and unequal width SRR. The first resonant frequency is predicted with an accuracy better than 0.02 % for the equal width case. The differences in accuracy between the equal width and unequal width cases are mainly caused by the varying accuracy of the relations used for parameters of symmetric and asymmetric coupled lines in the model. These relations are well developed for symmetric coupled lines, which makes the accurate modeling of equal width double SRR possible, but are less studied for the unequal width case. Although the obtained accuracy for the unequal width case is lower it is deemed sufficient for most applications.
In conclusion we have presented, for the first time, an analytical circuit based model for the unequal width double SRR . It has been shown that the characteristics of double SRR's may be accurately described using an impedance matrix representation for coupled transmission lines. The model has been verified for the relevant special case of a microstrip realization of the SRR. Electromagnetic simulation using different full-wave methods in 2D and 3D are used as a reference for the developed model validation. An excellent agreement between simulated and proposed model results is achieved in prediction of higher order resonances. The proposed analytical model enables a simple and efficient design of double SRR structures for various applications in a wide frequency range. Especially, microwave filter design utilizing SRR is greatly facilitated using this model. As the next step, meta-material design with negative permeability will be demonstrated in future contributions.
